We analyze the mixing efficiency of multiple-cylinder in potential flow to assess the effect of schooling in ocean-biomixing. The model is a generalization of Thiffeault & Childress's work [Physics Letters A 374, 3487 (2010)], where fluid particle displacements due to a single inviscid swimmer were analyzed to produce an effective diffusivity. Here we climb the population ladder to see how the interaction among swimmers would influence the motion of particles in the flow. Two cylinders moving synchronously through the flow in various angles and separations were studied, with several important patterns revealedwhen the separation is small (less than 1 3 body length), two cylinders moving side-byside (θ = π/2) has the highest mixing efficiency, while the chasing configuration (θ = 0) takes over for larger separations. But regardless of the angle and separation, the normalized effective diffusivity is constantly higher than single-swimmer value, which indicates schooling effect as an important factor in ocean biomixing. In the detailed trajectory analysis of fluid particles we also observed trajectory bifurcation and symmetry-breaking of particle drift-length over parameter space. The effective diffusivity of three and more cylinders in various configurations were also studied. Our result shall help illuminate the role of schooling in ocean-biomixing, as well as open a new direction for the debate on the relative importance of biomxing in ocean circulation.
Introduction
Extensive study has been evoked in the last decade about the biogenic impact on ocean mixing due to the swimming motions of marine organisms. In efforts to support or disprove the idea first proposed by Munk (1966) , several studies offered opposite yet inconclusive arguments from the macroscopic perspective of energy budget and efficiency (Dewar et al. 2006; Huntley & Zhou 2004; Kunze et al. 2006; Leshansky & Pismen 2010; Visser 2007) . As the scientific debate continues, the complex nature of the problem requires better understanding in the behaviors and characteristics of marine swimmers, and in the mechanisms that couple small-scale swimming and large-scale mixing (Katija 2011) . Katija & Dabiri (2009) suggested that Darwinian drift (Darwin 1953 ) is one such mechanism that could result in enhanced mixing. Thiffeault and Childress (2010) proposed a stochastic hydrodynamics model, in which the swimming bodies are a dilute suspension of cylinders or spheres that move in random directions. Consequently, an integral formula for the effective diffusivity in a potential flow or in a Stokes flow with slip boundary conditions was derived and was verified by numerical simulations (Thiffeault & Childress 2010; Lin et al. 2011) . With physical parameters, the theoretical prediction implies a 5∼500-fold enhancement to the molecular diffusion. Moreover, the computed diffusivity and particle displacement distributions are consistent with observations in several controlled experiments on biological fluids Drescher et al. 2009; Pushkin & Yeomans 2013) . Admittedly, this simplified model does not account for some key characteristics of marine animals and environment, such as schooling, wake turbulence and vertical stratification. Nonetheless, it serves as a good starting point to study the problem of biogenic mixing from a microscopic point of view and it accurately describes related phenomena in simpler settings.
This manuscript extends the model by Thiffeault and Childress by including simple interaction between swimmers. Following the method of images for a potential flow past two cylinders proposed by Carpenter (1958) and later generalized to the case with more cylinders (Dalton & Helfinstine 1971) , we use analytic streamfunctions for a hierarchy of doublets to compute the drift displacement induced by two or three cylinders moving synchronously. In turn, the squared displacement is integrated over all possible impact parameters to obtain the effective diffusivity of a passive scalar. We find that with just two cylinders, different configurations (separation and inclination) produce nontrivial and nonlinear enhancement to previous results for non-interacting cylinders. There are two distinct mechanisms that lead to this enhancement, which also underlie the different monotonicity in Figure 2 . We analyse the parameter dependence of drift distance by examining the "active region expansion" in Figure 3 (b) and the symmetry-breaking in Figure 5 , which have close connection with the enhancement of effective diffusivity for non-chasing formations. Although the methodology can be extended to study more cylinders with arbitrary positioning and asynchronous swimming with similar but much more tedious calculations, we are motivated by including the contribution of schooling swimmers in this simple model and therefore we restrict our discussion to the two-cylinder, synchronous case.
The manuscript is organised as follows: Section 2 is a review of the model of random stirring by multiple bodies and the formula for effective diffusivity; In Section 3 we apply the method of image doublets and derive the formulas for the streamfunctions for a potential flow past two or three cylinders; In Section 4 we show the results for the effective diffusivity and discuss its dependence on configuration parameters. We find that the effective diffusivity has an intricate dependence on the separation and inclination; Section 5 takes a detailed look at individual drift displacement of a passive particle and its effect on enhanced mixing; Finally, we discuss future directions in Section 6.
Stochastic hydrodynamic model
Consider a passive particle submerged in an inviscid fluid in two dimensions. A classical problem in hydrodynamics is the potential flow past a cylinder moving along a straight line and the explicit formula for the 2D streamfunction is available (Maxwell 1869) . Consequently, the drift experienced by the particle can be readily computed by integrating the velocities in time. It was shown by Thiffeault & Childress (2010) that the total particle displacement due to infrequent "encounters" with a dilute suspension of cylinders swimming in random directions can be modelled by the linear superposition
where x(t) is the particle displacement vector at time t, x 0 is its initial position, (a k , b k ) are the impact parameters imposed by the k th encountered swimmer who moves for a fixed distance λ in the random directionr k and M (t) is the number of encounters as a function of time. After careful averaging, the effective diffusivity of the passive scalar 
The impact parameters a and b denote the initial perpendicular distance and the relative distance, respectively, of the start of the particle trajectory (filled dot) to the midpoint between the two cylinders. The configuration parameter L is defined as half of the separation between the cylinder centers whereas θ is the inclination angle from the swimming direction to the line connecting the centers. The particle stops at the hollow dot when two cylinders finish their gliding of length λ with constant speed U .
field is
where U is the constant speed of the cylinders and n is the number density of the swimmers. To compute the individual drift ∆ λ , one only needs to differentiate the streamfunction for the potential flow past a cylinder and integrate the velocities in time. As a result
where the swimming distance λ is much larger than the cylinder size and can be assumed to be infinite. The accuracy of the approximation (2.1) relies on the dilute assumption: The number density n has to be small so that the interaction between the cylinders in the potential flow is negligible. In other words, the drift imposed upon the passive particle at any instance of time comes predominantly from one swimmer. This is violated when schools of multiple cylinders that are close to each other exist. In this paper, we look at the simplest nontrivial scenario of schooling: The swimmers forms dilute, well-separated schools while within each school, two identical cylinders stay close to each other and move synchronously with identical speed, distance and direction. A diagram of each encounter between the passive particle and a school pair is illustrated in Figure 1 . This is very similar to Thiffeault & Childress (2010) and Lin et al. (2011) with two more parameters introduced: the separation between two cylinders, 2L (L ), and the inclination angle between the swimming direction and the line connecting the cylinder centers, θ.
Method of image doublets for potential flow past two cylinders
To extend the work of Thiffeault & Childress we now derive the streamfunction for the potential flow generated by two cylinders moving synchronously as shown in Figure  1 . It is easy to see that a simple superposition of two doublets would distort the imper-meable boundaries from being circular, which inspired several methods to compensate for the inter-cylinder effects, including conformal mapping (Crowdy 2006) , elliptic function theory (Johnson & McDonald 2004 ) and the method of image doublets (Carpenter 1958; Dalton & Helfinstine 1971 ). Here we adopt the method of image doublets due to its simplicity and derive the streamfunction and velocities from complex analysis.
The basic idea is to construct an infinite series of image doublets with decreasing strength for each cylinder. Within each series, the first, zeroth-order doublet represents the unperturbed cylinder and the k th (k 1) image offsets the boundary distortion caused by (k − 1) th −order image in the other series. Finally, the total complex potential is simply the sum of a uniform flow and two series
Here the uniform flow at infinity is moving from right to left and the convergence of these series is guaranteed by the decay of the doublet strength in each series. Next we derive the formulas for the doublets w 1,k and w 2,k , k = 0, 1, . . . . This is equivalent to the determination of the position and the strength for each doublet. Without loss of generality, for each encounter illustrated in Figure 1 we set up a co-moving, complex z−plane with the midpoint between the two cylinders being the origin, and with the swimming direction being the positive real (x) axis.
It is known that for the zeroth-order doublets that model the potential flow past a cylinder (Acheson 1990 )
with z j,0 = (−1) j−1 L e iθ = ±L(cos θ + i sin θ) are the coordinates of the cylinder centers that are symmetric with respect to the origin moving with the cylinders. For the next order, since the image doublet w 1,1 offsets the circular boundary perturbation induced by doublet w 2,0 (cylinder 2) around doublet w 1,0 (cylinder 1), the following restriction should be imposed on the imaginary parts of the doublet potentials:
in which s 1,1 and z 1,1 , the relative strength and position of the image doublet respectively, are chosen as follows (Carpenter 1958) :
where · denotes complex conjugacy. Notice how the strength of the image decays according to an inverse square law for variable L and how it lies on the line connecting two cylinder centers. Similarly, the formula for w 2,1 , the image doublet that restores the boundary distortion around cylinder 2 by cylinder 1, can be derived.
To summarise, the first order image doublets in the complex potential (3.1) are
and
In fact, all higher order image doublets can be derived as above to balance corresponding lower order images in the same inductive fashion but with more tedious details. However, as we will see in the next sections, first and second order images are sufficient for the purpose of computing effective diffusivity. Furthermore, this procedure can be readily generalised for cylinders of different sizes and for more than two cylinders (Dalton & Helfinstine 1971) . We elect to postpone the discussion for these scenarios to future work since preliminary results show that more complicated configurations do not lead to significantly new phenomena in current context.
It should also be noted that the requirement (3.3) only enforces that the circular boundaries of the cylinders are impermeable streamlines. The constant on the right hand side is generally nonzero and therefore the cylinders may be subject to lift and drag forces. For more detailed discussions readers can refer to Dalton & Helfinstine (1971) . To study the schooling effects, here we assume that there are "internal" forces constantly exerted on the cylinder pair to maintain their relatively stationary positions.
Results for the effective diffusivity
With the complex potential formulas derived above, we are able to compute the effective diffusivity κ defined in (2.2) for schools of two cylinders that now depends on two configuration parameters: separation L and inclination θ. Figure 2 summarised the results for three typical formations between two cylinders: θ = 0 ("chasing"), π/4 ("tilting") and π/2 ("sweeping"). The horizontal axis is the separation distance between two cylinder centers normalised by the cylinder radius; the vertical axis is the effective diffusivity normalised by twice the reference value (2.3). The factor 2 is introduced to measure the nonlinearity in the schooling enhancement compared with simply doubling the swimmer density in the original model. These curves are numerically generated by truncating each of the two series in the complex potential (3.1) to three terms and with constant parameters U = = 1, n = 10 −3 and λ = 100. It has been verified in all parameter settings tested that including more terms can change the result no more than 1% due to the fast decaying nature of image doublets. In fact, keeping only two terms in each series, namely, considering only the zeroth-order doublets w j,0 and the first-order corrections w j,1 , j = 1, 2, recovers more than 96% of the effective diffusivity.
Here we observe two opposite behaviours of the effective diffusivity as a function of the separation parameter: For the chasing case (θ = 0), κ is a strictly increasing function of L while it is a strictly decreasing function in tilting (θ = π/4) and sweeping (θ = π/2) formations. In all three cases, the dependence is nonlinear in that κ varies rapidly for L < 2 and approaches an asymptotic, constant value as L gets large.
A straightforward intuition can be applied to explain the two limiting cases for largeL: When a school of two swimmers "chase" through the fluid with enough separation, each encounter with the particle can be well approximated by two sequential kicks by the leading then the trailing cylinder from exactly the same direction. Therefore the combined particle drift is twice the amount of what a single cylinder would induce. This implies a threefold increase in the squared displacement ∆ 2 and consequently κ ≈ 4κ s . On the other hand, in the tilting and sweeping cases where θ is significantly different from 0, the two cylinders no longer cooperate with each other when they are far apart and they 
Figure 2. Effective diffusivity κ as a function of cylinder separation L. For different in-school formations, the dependence of the effective diffusivity on the separation parameter exhibits opposite behaviours: When θ = 0, the diffusivity increases as the distance between two cylinder grows while for θ = π/4 and θ = π/2 the monotonicity is reversed. Here the number density n, swimming speed U and the cylinder radius are all kept constant.
act on the particle independently. The resulting effective diffusivity is then a simple and linear extrapolation of the value from independent swimmers and therefore κ ≈ 2κ s . In other words, the swimmers achieve no advantage by schooling together under these configurations. Of course, this asymptotic analysis is only valid when L is small compared to the average distance between two schools so the dilute assumption is still accurate. More careful investigation is required when < L < 2 . For the chasing configuration, Figure 3 (a) illustrates how the particle drift ∆ depends on the separation L. When the two cylinders are slightly kept apart (L/ = 1.1), the particle trajectory in the inset shows that the combined drift is only approximately the same as the single-cylinder value. In this case, the schooling in fact suppresses the mixing efficiency since doubling the number of swimmers by schooling does not double the effective diffusivity. This regime can also be identified in Figure 2 in which part of the solid curve (θ = 0) falls below unit value, namely, κ/2κ s < 1. As L grows, the particle trajectory essentially becomes a superposition of two successive encounters as mentioned before. Therefore, schools in chasing formation can only enhance mixing significantly when in-school separation is large enough and two cylinders cooperate to induce "long drifts".
The remaining question is to interpret the nonlinear boost in κ when < L < 2 for θ = π/4 and θ = π/2. These configurations cannot produce long displacement due to their non-cooperative nature, so how does coupling promote mixing in this case? To answer this question we compared the contribution from different drift length for θ = π/2 with L = 1.2 and L = 1.05, θ = π/4 with L = 1.2, as well as the single cylinder case [Figure 3(b) ]. From the bar plot we can see θ = π/2 enjoys expansion on the area where the displacement is greater than 1, and for shorter separation there is more significant expansion on the territory of even larger displacement (∆ 
Tilting
Sweeping Sweeping mixing efficiency is very limited. This explains why being the intermediate case, θ = π/4 fails to enjoy the benefit in both limits-its κ are below average everywhere on the L spectrum. When L is large, it can't produce consecutive kicks like in-line configuration; when L is small, it can't expand the active region effectively like side-by-side configuration. This lack of both strong corporation and strong coupling renders it inefficient in mixing.
symmetry-breaking and trajectory analysis
In this section we will focus on the case L = 1.2 for more detailed analysis. First, transforming the κ integral on upper-half plane as
We investigate the dominant contribution to the diffusivity in log(a)-b/λ space. Figure  4 compare the spatial distributions of integrand a∆ 2 λ (a, b) for single-cylinder and all three cylinder-pair configurations at L = 1.2. single-cylinder and θ = 0 have very similar mechanism on producing the drift, so the pattern of spatial distributions are very much alike. But note that θ = 0 produce larger over-all drift, as shown by the wider color-map scale. It also has a much heavier tail for small a. This is the consequence of the pair operating more like two separate swimmers for a small when L is fixed, thus producing ∆ 2 λ (a, b) four times as strong as the single-cylinder case. On the other hand, θ = π/4 and θ = π/2 are in the same category. The mass is much more concentrated than previous cases, with most of the contribution comes from log a ≈ −0.3. This is because unlike previous cases, the center of the cylinders are not on the x axis, thus a is not vanishing where ∆ 2 λ (a, b) is at its peak, so transforming to log(a)-b/λ space doesn't help much on spreading out the integrand. One interesting feature of the integrand in this region is that it is not uniform on b direction like single-cylinder or θ = 0, instead it shows a very rich structure of peak-and-valleys. The highest peak can go beyond 100 for θ = π/2. This is what we call symmetry-breaking on b direction. When there is only one cylinder, the drift is mainly determined by a, and very insensitive to b. That is, ∆ λ (a, b) remains constant in the range b ∈ (0, λ) for every fixed a. But for the schooling pair with θ = 0, this is no longer the case. The rugged peaks in Figure 5 show that b now plays a major role in determining the drift distance. This is because although all those configurations are quite symmetric, the symmetry of flow around every cylinder has lost. So even particles with same a can have very different behaviour.
In Figure 5 we focus on a small region where the particles are close to the initial position of the cylinder. This closer inspection reveals a more detailed picture of symmetrybreaking on b direction. We also sampled five points around the first peak on the right, which showed a sharp transition of trajectory form when crossing the peak. The longest trajectory corresponds to the peak, and the rest four are spaced around it with 0.2 separation on b (a = 0.7, b = 2.0, 2.2, 2.4, 2.6, 2.8). The trajectory form is determined by the relative position of particle with the cylinder when the cylinder overtakes it from behind. If at that moment of contact it is on the upper half of the cylinder, it will revolve around the upper part and take that roller coaster shape [Fig 5(b) ]. Further more, if it is very close to the middle of the cylinder, it will be pushed much further, producing long drift. If the first contact with the cylinder is on the lower half, it will take that more alien shape due to the influence from another cylinder trailing behind. The coupling and the asymmetric flow field makes it possible for particles with same b being hit by different half of the cylinder, which causes the rugged peaks in ∆ 2 λ (a, b) surface and sharp transition of trajectory form.
Discussion and Future Work
In this work, we focus on the mixing efficiency of a schooling pair of two cylinders moving synchronously in a potential flow. Among others, we can improve our understanding to the impact of schooling in the context of ocean mixing and of other realistic scenarios in two aspects.
First is to study schooling effects in other fluid regimes, such as Stokes flow, since it is a classical model for slow moving bodies in viscous fluids. Lin et al. (2011) and Thiffeault (2014) considered the mixing effects of a dilute suspension of independent Stokesian squirmers (Blake 1971; Lighthill 1952) and established the connection to various biofluids (Drescher et al. 2009; Guasto et al. 2010; Ishikawa & Pedley 2007; Leptos et al. 2009 ). It would be natural to consider schooling effects under these settings. However, more complicated boundary conditions and the loss of general axisymmetry in three dimensions pose substantial challenges to extend the current theoretical framework utilising streamfunctions and singularities.
Alternatively, one should also include more swimming bodies within each school since in reality a fish school can contain up to thousands of individuals. In theory, the method of image doublets can be applied to arbitrary number of cylinders in 2D. A preliminary study on three identical cylinders with their centers forming a triangle has shown that the effective diffusivity has even more subtle dependence on the parameters due to the extra degree of freedom characterising school size and in-school configuration. For example, in Figure 6 we show three configurations for a three-cylinder school forming an equilateral formation with side length of 2L = 2.4 . These configurations all produce superlinear mixing enhancement compared to a three-fold extrapolation of the single cylinder case. However, it is unclear to us how the extra degrees of freedom: unequal side lengths, orientation of the triangle and further, the school size are related to the effective diffusivity. As the derivation for image doublets becomes more tedious with increasing number of cylinders and of parameters, we will explore toward a simple, macroscopic effective model to address the microscopic in-school interactions.
